Abstract In this work, quasinormal modes (QNMs) of the Schwarzschild black hole are investigated by taking into account the quantum fluctuations. Gravitational and Dirac perturbations were considered for this case. The Regge-Wheeler gauge and the Dirac equation were used to derive the perturbation equations of the gravitational and Dirac fields respectively and the third order Wentzel-Kramers-Brillouin (WKB) approximation method is used for the computing of the quasinormal frequencies. The results show that due to the quantum fluctuations in the background of the Schwarzschild black hole, the QNMs of the black hole damp more slowly when increasing the quantum correction factor (a), and oscillate more slowly.
ity. It is well known that black holes can not be directly observed but they can be detected through their action on their neighborhoods. The behavior of the matter and fields surrounding a black hole not only tells us about its presence but also helps us determine its parameters. A real black hole can never be fully described by its basic parameters (mass, charge and angular momentum) and is always in the perturbed state (Konoplya & Zhidenko (2011) ). For several decades, many efforts are made in investigating the evolution of external field perturbation around black holes. These perturbations lead to damped oscillations called quasinormal modes (Jing & Pan (2008) ; Chandrasekhar & Detweiler (1975) ; Regge & Wheeler (1957) ; Witten (1998) ; Maldacena (1998) ; Rama & Sathiapalan (1999) ; Hod (1998); Dreyer (2003) ). Different kinds of perturbation in the geometry of a black hole can excite certain combination of its characteristic frequencies of the normal modes for which the frequencies are no longer purely real showing that the system is losing energy. The real part of QN frequency represents the ring down frequency and the imaginary part, the decay time. The resonant frequencies of the response of external perturbations called quasinormal frequencies are one of the most essential characteristics of black holes. It is widely believed that the QNMs carry a unique characteristic "fingerprint" which would lead to the direct identification of the black hole existence. Quasinormal modes associated with perturbations of different fields were considered in a lot of works (Regge & Wheeler (1957) ; Cardoso & Lemos (2001) ; Konoplya (2002); Starinets (2002) ; Setare (2003 Setare ( , 2004 ; Natario & Schiappa (2004) ; Leaver (1985 Leaver ( , 1986 ; Cho (2003) ; Zhidenko (2004) ; Moss & Norman ( 2002) ; Mellor & Moss (1990); Castello-Brancoet al. (2005); Jing ( , 2005 ; Konoplya & Abdalla (2002) ; Cardoso et al. (2003) ; Hod & Piran (1998); Mahamatet al. (2009 Mahamatet al. ( , 2011 ; Schutz & Will (1985) ; Zerilli (1970) ).
We know that the vacuum undergoes quantum fluctuations. This phenomenon is the appearance of energetic particles out of nothing, as allowed by the uncertainty principle. Vacuum fluctuations have observable consequences like Casimir force between two plates in vacuum. Due to quantum fluctuations, the evolution of slices in the black hole geometry will lead to the creation of particle pairs which facilitates black holes' radiation (Mathur (2009) ). It was shown that quantum vacuum fluctuations modify the geometry of the Schwarzschild black hole. Kazakov & Solodukhin (1994) obtained new expressions of the Schwarzschild metric when the back reaction of the spacetime due to quantum fluctuations is taken into account.
Recently, Wontae and Yongwan (Wontae & Yongwan (2012) ) investigated phase transition of the quantumcorrected Schwarzschild black hole and concluded that there appear a type of Grass-Perry-Yaffe phase transition due to the quantum vacuum fluctuations and this held even for the very small size black hole. More recently, we investigate QNMs of scalar perturbation around a quantum-corrected Schwarzschild black hole and show that the scalar field damps more slowly and oscillates more slowly due to the quantum fluctuations (Mahamatet al. (2014) ). In this paper, the QNMs of a quantum-corrected Schwarzschild black hole is investigated in order to highlight the behavior of a gravitational and Dirac perturbations when the vacuum fluctuations are taken into account.
The paper is organized as follows. In section 2, the quantum-corrected Schwarzschild black hole is presented. In section 3, we derive the wave equation of a gravitational perturbation in the quantum-corrected Schwarzschild black hole background. In section 4, the wave equation for Dirac perturbation of the black hole is derived. In section 5, we evaluate the QN frequencies of the gravitational and Dirac perturbations by using the third order WKB approximation method. The last section is devoted to a summary and conclusion.
The quantum-corrected Schwarzschild black hole
According to the work of Kazakov and Solodukhin on quantum deformation of the Schwarzschild solution (Kazakov & Solodukhin (1994) ), the background metric of the Schwarzschild black hole is defined by
where
For an empty space, U (ρ) = 1. Thus we obtain the Schwarzschild metric
where M is the black hole mass. Taking into account the quantum fluctuation of vacuum, the quantity U (ρ) transforms to (Wontae & Yongwan (2012) )
where G R = G N ln(µ/µ 0 ), G N is the Newton constant and µ is a scale parameter. The background metric of the quantum-corrected Schwarzschild black hole can then be read as
and a 2 = 4G R /π. The quantum correction parameter a has the dimensionality of length [l] .
Using this form of the metric, the scalar curvature of the spacetime is transformed to
As we can see, the scalar curvature does not depend on the mass of the gravitating body but depends on the quantum correction parameter. For large r >> a, the metric becomes
which looks like the metric of a charged body with mass M and imaginary charge ±i
. Thus, we can say that the quantum correction parameter a acts as an imaginary charge added to the spacetime metric. Its coincides with the Reissner-Nordström metric but with an imaginary electric charge. It is therefore interesting for us to evaluate the QNMs of the Schwarzschild black hole when the quantum fluctuations modify it.
Wave equation for gravitational perturbation of the black hole
For the gravitational perturbation, we will deal with the Regge-Wheeler gauge (Regge & Wheeler (1957) ).
In this gauge, the gravitational perturbation is regarded as perturbation to the background metric. We regard the perturbed background metric (ḡ µν ) as the sum of the unperturbed metric (g µν ) and the perturbation in it (h µν )
whereḡ µν is the perturbed metric. The perturbations h µν are supposed to be very small compared with g µν . The h µν can be calculated from g µν , and R µν + δR µν from g µν + h µν . The quantity δR µν can be expressed in the form (Eisenhart (1926) )
Similarly, we will use the unperturbed Christoffel symbols in computing covariant derivatives of perturbation quantities. From Eq. (9) it follows that
The perturbed Christoffel symbols are given bȳ
The last equation reveals that the variation of the Christoffel symbols, δΓ k µν , forms a tensor, even though the Christoffel symbols themselves do not.
Adopting the Regge & Wheeler (1957) matching, the final canonical form for an odd wave is then
This form represents the perturbation of a spherically symmetric black hole in Regge-Wheeler gauge.
The radial wave equation is the final equation which gives us the behavior of the perturbation's oscillation. It can be reduced to a simple linear differential equation.
In vacuum, the perturbed field equations simply reduce to (Nollert (1999) )
Using that and the background metric, we get from δR 23 = 0,
and from δR 13 = 0,
Defining
and
and eliminating h 0 , we then get
Equation (20) is a second order linear differential equation which represents a perturbation equation. The potential V depends explicitly on the radius r. Its behavior is represented on Fig.1 .
Through this figures, we can see that the potential decreases with increasing a. Moreover, the potential takes constant values when r * evolves to infinity. That allows us using the WKB approximation method provided by Iyer and Will (Iyer & Will (1987) ) to evaluate the quasinormal frequencies.
Wave equation for Dirac perturbation
For the general background spacetime, the massless Dirac equation is 
Using this expression, the Dirac equation becomes
In order to simplify the above equation, we can define the perturbation ψ as
Then, Eq. (24) can be rewritten in its simplified form as
The Pauli matrices σ i are given by
We introduce the tortoise coordinate r * = f −1 dr and the ansatz for the Dirac spinor
Y m±1/2 l (θ, ϕ) represent the ordinary spherical harmonics. Since
Equation (24) can be written in the simplified matrix form
The cases (+) and (-) in the functions can be put together after some matching and the equation can be decoupled as (Wang et al. (2010) )
with
where k is the total angular momentum number. The behavior of the potential is plotted on Fig.2 . These equations can be solved using the WKB approximation method to find the quasinormal modes.
Quasinormal frequencies
The wave equation ( 20) can be rewritten as:
where Q(r * ) = ω 2 − V (r * ). For a black hole, the QN frequencies correspond to solution of perturbation equation which satisfy the boundary conditions appropriate for purely ingoing waves at the horizon and purely outgoing waves at infinity. Incoming and outgoing waves correspond to the radial solution proportional to e −iωr * and e iωr * , respectively. Only a discrete set of complex frequencies satisfies these conditions.
To evaluate the QN frequencies, we applied here the third order WKB approximation method derived by Schutz, Will (Schutz & Will (1985) )and Iyer (Iyer & Will (1987) ) to the above equation and these QN frequencies are given by (Zhang et al. (2007)) ( 38), we calculated numerically the QN frequencies of the gravitational perturbation for M = 1 without and with quantum correction of the black hole. The results are shown in tables 1 and 2, where l is the harmonic angular index, n is the overtone number, ω is the complex QN frequency and a is the quantum correction parameter.
From these tables, we can remark that the real parts of the quasinormal frequencies as well as the absolute values of their imaginary parts of the quantumcorrected Schwarzschild black hole are smaller than those of the black hole without quantum correction. Moreover, these quantities decrease when increasing the quantum-correction parameter a.
For Dirac perturbation, the QN frequencies are given in tables 3 and 4. As observed for the gravitational perturbation, we can also remark that the real parts and the absolute values of the imaginary parts of the quasinormal frequencies decrease when increasing the quantum correction parameter. The particularity of Dirac perturbation here is that the imaginary parts of the (n = 0) frequencies do not depend on the angular harmonic index (l).
The relationship between the real and imaginary parts of quasinormal frequencies of the gravitational as well as Dirac perturbations in the background of the black hole is plotted in Fig.3 . The behaviors of the real and imaginary parts of the quasinormal frequencies when varying the quantum-correction parameter, a, are also plotted (see Figs. 4 and 5). uated using the third order WKB approximation. For the gravitational perturbation, the results of table 1 are obtained without considering any kind of correction while those of table 2 are obtained when considering the quantum-corrected Schwarzschild black hole metric. Dirac quasinormal frequencies are summarized in tables 3 and 4 for the cases of the Schwarzschild black hole with and without quantum correction, respectively. Through the above tables, we can remark that the absolute values of the imaginary parts of the quasinormal frequencies of the quantum-corrected black hole are smaller compared to those without quantum correction, for fixed set of l and n. Moreover, we can remark that these values decrease when increasing a. That can be clearly seen through Figs. 3 and 5. Through Fig. 3 , we an also remark that the real parts of Dirac quasinormal frequencies are higher compared to gravitational ones. That implies that Dirac QNMs oscillate more rapidly than gravitational ones. Concerning the real parts, they are also decreasing when increasing a. Thus, we can conclude that, due to the quantum fluctuations, the quasinormal modes of gravitational and Dirac perturbations of the Schwarzschild black hole damp more slowly and oscillate more slowly. Table 2 Quasinormal frequencies of gravitational perturbation of quantum-corrected Schwarzschild black hole 
